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We consider spin transport in a two-component atomic Bose gas in three dimensions, at tem-
peratures just above the critical temperature for Bose-Einstein condensation. In these systems the
spin conductivity is determined by spin drag, i.e., frictional drag between the two spin components
due to interactions. We find that in the critical region the temperature dependence of the spin
conductivity deviates qualitatively from the Boltzmann result and is fully determined by the critical
exponents of the phase transition. We discuss the size of the critical region where these results may
be observed experimentally.

I. INTRODUCTION AND MOTIVATION

The research field of spin electronics or spintronics,
concerned with practical applications of the electron spin,
has renewed interest in spin currents1. In part as a re-
sult of these efforts, it is now understood that there are
several fundamental differences between charge currents
and currents of spin angular momentum. For example,
the latter are even under time reversal-symmetry opera-
tions and can thus in principle flow without dissipation
in ordinary conductors2,3, contrary to electric currents.
Furthermore, the charge conductivity is infinitely large
in Galilean invariant systems, whereas spin currents can
then still decay due to spin-drag effects, i.e., friction be-
tween two spin states due to interactions4,5. Finally, spin
and charge current couple in a completely different way
to other degrees of freedom in the system, most notably
order parameters such as the magnetization or a super-
conducting condensate. For example, a spin current can
exert a so-called spin transfer torque on the magneti-
zation of a ferromagnet7–10, a phenomenon that is cur-
rently intensively studied in part because of its promise
for magnetic-memory applications. On a more funda-
mental level, there have been several studies on the in-
terplay between spin currents and the critical fluctuations
in the magnetization that occur close to the Curie tem-
perature for the ferromagnetic phase transition11. Such
magnetic phase transitions form, together with super-
conducting phase transitions, the overwhelming majority
of phase transitions occurring in electronic condensed-
matter physics.

In this thesis we consider the effect of another phase
transition, i.e., Bose-Einstein condensation, on spin
transport. The system we consider is a spin mixture of
trapped ultracold bosonic alkali atoms that differs in sev-
eral important ways from electronic solid-state systems.
First, the particles are bosons rather then fermions (elec-
trons). Second, cold-atom systems are disorder free and
hence the only contribution to the spin conductivity is
the above-mentioned spin-drag effect. The atomic in-
teractions which are responsible for this drag are short
ranged as opposed to the Coulomb interactions between
the electrons.
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FIG. 1: (Color online) Spin-drag relaxation rate 1/τsd at con-
stant temperature as a function of distance from the critical
point expressed in terms of the chemical potential difference
µ − µC . Lines 1, 2 and 3 represent the relaxation rate for
a/Λth = 9 × 10−3, 2(9 × 10−3) and 3(9 × 10−3), respectively,

where a is the scattering length and Λth =
√

2π~2/(mkBT ) is
thermal de Broglie wavelength. Upon approaching the tran-
sition from above, the spin-drag relaxation rate shows an up-
turn due to Bose enhancement that is ultimately completely
suppressed by fluctuations in the critical region. The dotted
line 4 represents the Boltzmann result that does not include
critical fluctuations17. The small quantitative difference be-
tween the lines 1-3 and the Boltzmann results far from criti-
cality arises because we neglect vertex corrections in the cal-
culations that lead to the curves 1-3.

Spin drag in bosonic cold-atom mixtures was recently
studied by Duine and Stoof using an approach based on
the Boltzmann equation. It was found that the bosonic
nature of the particles lead to an enhancement of spin-
drag effects at low temperatures12. This should be con-
trasted with Fermi-liquid behavior that as a result of
Pauli blocking leads to suppression of interaction effects
at low temperatures so that the so-called spin-drag relax-
ation rate 1/τsd(T ), which is equal to the inverse of the
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spin-transport relaxation time τsd(T ), vanishes quadrat-
ically with temperature T 13,14 except in the vicinity of
a superconducting15 or ferromagnetic phase transition16.
For bosons close to the critical temperature for Bose-
Einstein condensation, it was found that the Boltzmann
approach incorporates the phase transition at the mean-
field level and gives 1/τsd(T ) − 1/τsd(TC) ∼ −1/ξ(T ) ∼
TC − T 17, where ξ(T ) is the correlation length that di-
verges at the phase transition.

Our main findings are presented in Fig. 1 which shows
the spin-drag relaxation rate as a function of the dis-
tance to the critical point, determined by the difference
of the chemical potential µ from its critical value µC .
The dotted line shows the Boltzmann result discussed in
Chapter II (described above) and the solid lines are the
results found using an approach based on the Kubo for-
mula and approximating the atomic self-energy with the
so-called sunset Feynman diagram shown in Fig. 8 and
discussion in Chapter IV. The Hartree diagram should in
principle also be included in the self-energy but since this
can be achieved by a simple redefinition of the chemical
potential we do not consider it here. Within the latter
approximation we find that the spin-drag relaxation rate
qualitatively agrees with the Boltzmann result for tem-
peratures not too close to the critical temperature, but
in the critical region deviates and goes to zero at the
phase transition according to 1/τsd(T ) ∼ 1/ξ(T ). As we
discuss in detail Chapter V, an exact scaling ansatz con-
firms that the spin-drag relaxation rate vanishes, and in
terms of the critical exponents z, η, and ν we find that
1/τsd(T ) ∼ 1/ξz−d+2−2η. Below we also discuss the size
of the critical region where these effects can be measured.

The above introduction is meant to give an overview
of this paper. In the following two subsections, we will
discuss spin transport and critical fluctuations in more
details.

A. Spin transport and spin drag

Let us consider a system with two spin species under
the external forces F↑ and F↓. The equations of motion
of each species are given by

n↑m↑
dv↑
dt

= n↑F↑ −
n↑m↑
τsd

(v↑ − v↓)−
n↑m↑
τ↑

v↑

n↓m↓
dv↓
dt

= n↓F↓ +
n↓m↓
τsd

(v↑ − v↓)−
n↓m↓
τ↓

v↓.

(1)

Here the density, mass and drift velocity for spin up
(down) atoms are denoted by n↑ (n↓), m↑ (m↓) and
v↑ (v↓), respectively. The important quantities for trans-
port are the relaxation times τ↑, τ↓ and τsd. The first two
τ↑ (τ↓) are the relaxation times for the particle currents
j↑ = n↑v↑ (j↓ = n↓v↓). The mechanisms related to this
relaxation can be the collision between atoms and impu-
rities and/or phonons in case of high enough tempera-
ture. The last relaxation time τsd is associated with the
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FIG. 2: Left: The order parameter jumps from zero to a finite
value at the critical temperature for first-order phase transi-
tions. Right: The order parameter changes continuously at
the critical temperature for second-order phase transitions.

spin current (js = n↑v↑ − n↓v↓). The relaxation mecha-
nism of spin current has, in addition to the above effects,
also contributions from collisions between different spin
species. Momentum exchange between different species
slows the spin current and thus relaxes the system. The
characteristic time of this relaxation is called spin-drag
relaxation time τsd and the mechanism itself is called spin
drag4,5. The aim of transport studies is to calculate the
associated relaxation time microscopically.

In this thesis, we consider cold-atom systems where
it is possible to have clean system without any disor-
ders. In this case, the resistivity associated with par-
ticle current is zero and the relaxation time is infinite.
The only interesting quantity is the spin-drag relaxation
time. In addition, we only consider the most balanced
case n = n↑ = n↓, m = m↑ = m↓ and F↑ = −F↓.

B. Phase transition and critical fluctuations

The main aim of this paper is to incorporate critical
fluctuations effects on spin transport. In this subsection
we will show explicitly what are critical fluctuations and
why are they important near critical points. In order
to explain this, we first give a short review on Landau
theory of phase transitions with a focus on second-order
phase transitions6.

A phase transition is the phenomenon that a system
dramatically changes its properties when an external pa-
rameter(usually temperature) is tuned across some crit-
ical values. To describe this change, we often use a pa-
rameter that describes the changing nature of the sys-
tem. This parameter is called the order parameter ∆.
The order parameter is often zero on one side of phase
transition and has finite value on another side. The point
in the phase diagram where order parameter changes to
nonzero values is called the critical point. Phase transi-
tions can be categorized into two types, first-order and
second-order phase transitions. First-order phase transi-
tions have a jump in the order parameter from zero to a fi-
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FIG. 3: (Color online) Landau free energy at various temper-
ature. Below critical temperature, the minimum is shifted to
nonzero order parameter.

nite value in a discontinuous way (Fig. 2 left). In second-
order phase transitions the order parameter changes from
zero to finite value in a continuous way (Fig. 2 right). We
will emphasize on second-order phase transitions since
Bose-Einstein condensation is of this type.

The standard approach to study second-order phase
transition is the Landau theory of phase transition. The
main quantity in this theory is the Landau free energy
functional FL[∆] related to the partition function by

Z =

∫
d[∆]e

− 1
kBT

FL[∆]
. (2)

In order to describe the change of order parameter near
critical point, we expand the free energy around small
value of order parameter. Taking into account symme-
tries of the system such as rotational invariance, the Lan-
dau free energy can be expanded in the following form

FL[∆] =
1

2

∫
dx{γ(T )(∇∆(x))2 +

α1(T )∆(x)2 +
α2(T )

2
∆(x)4 + . . .} . (3)

To explain a continuous change of the order parame-
ter near the critical point the quadratic coefficient has
to change sign at the critical temperature (TC) α1(T ) ≈
α1ckB(T−TC) and the quartic coefficient has to be a con-
stant α2(T ) ≈ α2c. The Landau free energy functionals
with these coefficients are shown in Fig. 3 for various tem-
peratures. The expectation value of the order parameter
below the critical temperature can be calculated by min-
imizing the free energy δFL[∆]/δ∆(x)|∆=〈∆〉 = 0. This

gives the expectation value 〈∆〉 =
√
α1ckB |T − TC |/α2c.

The above calculation of the order parameter has
mean-field nature in the sense that critical fluctuations
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FIG. 4: (Color online) The solid line is spin-drag relaxation
rate from Boltzmann calculation. The horizontal line is the
analytic result in Maxwell-Boltzmann limit. The vertical line
indicates −β(µ − µC) = kBT where Bose enhancement be-
comes important.

are not included. To study the effect of fluctuations, we
write ∆(x) = 〈∆〉+ ∆′(x). Plugging this into Eq. (3) we
can calculate the correlation function of the fluctuations
from the partition function. The correlation function in
three dimensions is

〈∆′(x)∆′(x′)〉 =
kBT

γ

∫
dk

(2π)3

eik·(x−x
′)

k2 + ξ−1(T )2

=
kBT

4πγ

e−|x−x
′|/ξ(T )

|x− x′|
, (4)

where ξ(T ) =
√
γ/|α1(T )| ≡ |µ − µC |−ν is the correla-

tion length of the fluctuations. Note that the correlation
length diverges at the critical temperature as α1(T ) van-
ishes. These fluctuations are considered to be important
if the Ginzburg criterion is satisfied

〈∆′(x)∆′(x′)〉 > 〈∆〉2 , (5)

for the typical length scale |x − x′| ≈ ξ(T ). Plugging
in everything into Eq. (5), we find that critical fluctu-
ations are important near the critical point where the
expectation value of order parameter is small ξ(T ) >
4πγ2/(α2CkBTC). We note here that the Ginzburg
critirion can be extended to the regime above critical
temperature by replacing 〈∆〉 by 〈|∆|〉. The criterion for
the correlation length is still the same up to an overall
constant. The system becomes scale invariant near the
critical point since the correlation length of the fluctua-
tions diverges.

We can now put in the expansion coefficients for Bose-
Einstein condensation. They are γ = ~2/2m, α1 =
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−(µ − µC) and α2/2 = 4π~2a/m, where µ and µC are
chemical potential and critical chemical potential, re-
spectively. Furthermore m is mass and a is the scat-
tering length. The Ginzburg criterion then becomes
|µ − µC | < a2. Note that the exponent 2 is still mean-
field exponent. We expect the critical exponent ν to be
involved if fluctuations are incorporated more properly.

II. BOLTZMANN APPROACH AND
COLLISION RATE

We consider a three-dimensional homogeneous gas of
bosonic atoms of mass m, with two spin states that cou-
ple to an external force with opposite sign. As we dis-
cuss in more detail below, this force can in a cold-atom
experiment be implemented by a magnetic-field gradient.

This force leads to a nonzero spin current js according
to js = σsF , where σs = nτsd/m is the spin conduc-
tivity in terms of the spin-drag relaxation time and the
density n per spin state. The spin-drag relaxation rate
1/τsd defined by the inverse of the relaxation time can be
calculated straightforwardly by using Boltzmann equa-
tion12,17. The starting point is two Boltzmann equations
for two spin states

∂f↑(k, t)

∂t
+

F

~
· ∂↑(k, t)

∂k
= Γcoll(k, t) ;

∂f↓(k, t)

∂t
− F

~
· ∂↓(k, t)

∂k
= −Γcoll(k, t) ,

(6)

with the collision integral

Γcoll(k, t) =
2π

~
(T 2B)2

∫
dk2

(2π)3

∫
dk3

(2π)3

∫
dk4

(2π)3
(2π)3δ(k + k2 − k3 − k4)δ(εk + εk2

− εk3
− εk4

)

×[f↑(k2)f↓(k2)(1 + f↓(k3))(1 + f↑(k4))− (1 + f↑(k))(1 + f↓(k2))f↓(k3)f↑(k4)] , (7)

with T 2B = 4π~2a/m the two-body T matrix in terms of
the interatomic scattering length a between the two spin
states. The above equations can be solved by making an
ansatz fα(k, t) = NB(εk−mvα(t)/~ − µ), where α ∈ {↑, ↓}
and εk = ~2k2/2m. Furthermore, NB(x) = [eβx−1]−1 is
the Bose-Einstein distribution function, with β = 1/kBT
the inverse thermal energy. The assumption behind this
ansatz is that the intra-species interaction equilibrates
the system fast enough such that the system is always
described by Bose-Einstein distribution. From the above
Boltzmann equation it is found that17

1

τsd
=

~2β(T 2B)2

6πnm

∫
dq

(2π)3

∫ ∞
−∞

dωq2 Im[χ(q, ω)]2

sinh2(β~ω/2)
.

(8)
with

Im[χ(q, ω)] =

m

2~2Λ2
thq

ln

e
q2Λ2

th
16π −βµ−

~βω
2 +

π(~βω)2

q2Λ2
th − e−~βω

e
q2Λ2

th
16π −βµ−

~βω
2 +

π(~βω)2

q2Λ2
th − 1

 . (9)

The spin-drag relaxation rate can then be calculated nu-
merically. The result is shown as the solid line in Fig. 4.
The horizontal line dashed line shows analytic result in
Maxwell-Boltzmann limit. A small shift in this limit
between analytic result and numerical result is numeri-
cal error. The vertical dotted line represents the value
−βµ = kBT where the result begins to deviate from
Maxwell-Boltzmann limit. The temperature dependence
in the Maxwell-Boltzmann limit can be understood by

a simple mean free path argument. The collision rate
is proportional to the ratio between mean velocity and
mean free path 1/τcoll ∼ v/l. Mean velocity will increase

as v ∼
√
T and mean free path is the inverse of density

and square of scattering length l = 1/4πa2n. Here we

have 1/τcollna
2
√
T ∼ constant. The numerical result also

gives the temperature dependence of spin-drag relaxation
rate near phase transition 1/τsd(T )−1/τsd(TC) ∼ TC−T .
We note that critical fluctuations are not included here
and the result will change qualitatively when we incor-
porate critical fluctuations, as we shall see in the next
chapter.

A. Collision rate

Spin-drag relaxation rate should be compared with the
collision rate between two spin states. The collision rate
is calculated by

n

τcoll
=

2π

~
(T 2B)2

∫
dk

(2π)3

∫
dk2

(2π)3

∫
dk3

(2π)3

∫
dk4

(2π)3
(2π)3

×δ(k + k2 − k3 − k4)δ(εk + εk2
− εk3

− εk4
)NB(εk − µ)

×NB(εk2
− µ)(1 +NB(εk3

− µ))(1 +NB(εk4
− µ)) .(10)

By going to center of mass frame, the above equation
can be rewritten in a more suggestive form in terms of
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the relative momentum distribution frel(k),

1

τcoll
= 4πa2

∫
dk

(2π)3

~k
m
frel(k) . (11)

In the Maxwell-Boltzmann limit, the relative momentum

distribution is just the Maxwell-Boltzmann distribution
frel,MB(k) = 1

2
√

2
exp[−β(εk/2−µ)]. With Bose enhance-

ment this distribution becomes

frel(k) =
1

2n

∫ ∞
0

dK

(2π)2
K2

∫ 1

−1

dvNB

(
ε√

K2+kKv+k2/4
− µ

)
NB

(
ε√

K2−kKv+k2/4
− µ

)
×
∫ 1

−1

du
[
1 +NB

(
ε√

K2+kKu+k2/4
− µ

)] [
1 +NB

(
ε√

K2−kKu+k2/4
− µ

)]
. (12)
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FIG. 5: (Color online) Relative momentum distribution with
Bose enhancement (Line 1) and Maxwell-Boltzmann distribu-
tion (Line 2).

The result for this distribution together with its
Maxwell-Boltzmann limit is shown in Fig. 5. Here we
can see the effect of Bose enhancement on the relative
momentum distribution. The collision rate is then calcu-
lated from this relative distribution. Fig. 6 (left) shows
the effect of Bose enhancement on the collision rate.
When comparing spin-drag relaxation rate with the col-
lision rate, we can see from Fig 6 (right) that Bose en-
hancement is less efficient in spin-drag relaxation rate.
Note that the ratio between spin-drag relaxation rate and
collision rate in Maxwell-Boltzmann limit can be calcu-
lated analytically and is found as 1/τsd = 2/3τcoll.

III. FIELD THEORY APPROACH

We will incorporate critical fluctuations within a field
theory framework. The goal is to find the spin current

FIG. 6: Left: Ratio between the collision rate with and with-
out Bose enhancement. Right: Ratio between spin-drag re-
laxation rate and collision rate. The horizontal line is 2/3 the
exact ratio in Maxwell-Boltzmann limit.

up to first order in the external force. The coefficient
is then the spin conductivity. The starting point is the
action S = S0 + Sint with the free part

S0 =

∫
dx

∫
dτ
∑
α

φ∗α(x, τ)

[
~
∂

∂τ
− ~2∇2

2m
− µ

]
φα(x, τ) .

(13)
We neglect interactions between atoms of like spins

that are of minor importance for spin-drag effects. The
interaction part of the action becomes

Sint = T 2B

∫
dx

∫
dτφ∗↑(x, τ)φ∗↓(x, τ)φ↓(x, τ)φ↑(x, τ) .

(14)
In the above expression the bosonic field is denoted by
φα(x, τ) with α ∈ {↑, ↓} labeling the spin states. We add
the force term by doing minimal coupling

−i~∇ → −i~∇− α

c
A(x, τ) . (15)

We note that α takes the numerical value + or − for ↑
and ↓ respectively if it is not used as a label, A(x, τ) is
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the vector potential to be related to external force. The
action becomes S = S0 + Sint + SF with the force term

SF = −
∫
dτ

∫
dx
∑
α

A(x, τ) ·{
~

2mi

α

c
[φ∗α(x, τ)∇φα(x, τ)− h.c.]

− 1

2mc2
A(x, τ)φ∗α(x, τ)φα(x, τ)

}
. (16)

The spin current is derived from the action by J(x, τ) =
−c δS

δA(x,τ) . The spin current can be separated into

two parts, paramagnetic and diamagnetic J(x, τ) =
Jp(x, τ) + Jd(x, τ) where

Jp(x, τ) = lim
x′→x

∑
α

α~
2mi

(∇x′ −∇x)φ∗α(x, τ)φα(x′, τ)

Jd(x, τ) =
∑
α

1

mc
A(x, τ)φ∗α(x, τ)φα(x, τ).

(17)

The expectation value of an observable quantity O(x, τ)
can be calculated from the path integral formalism 〈O〉 =
1
Z

∫
D[φ]O(x, τ) exp(−S/~), with Z =

∫
D[φ] exp(−S/~)

the partition function. In our case, the expectation value
of spin current up to first order in the external force is
given by

〈Jµ(x, τ)〉0,int,F =

〈Jpµ(x, τ)〉+ 〈Jdµ(x, τ)〉−
∑
ν

∫
dx′
∫
dτ ′

〈Jpµ(x, τ)Jpν (x′, τ ′)〉 1

~c
Aν(x′, τ ′) . (18)

The subscript 0, int, F in the above expression means the
average is taken with respect to S0 + Sint + SF . The
average without subscript is taken in equilibrium (with
respect to S0+Sint). The greek subscripts µ, ν denote the
direction. The first term is actually zero in equilibrium.
Recall that E = −∂A∂t +∇ψ. We choose the gauge where

ψ = 0 and A(x, τ) = − cEωp e
ik·x−iωpτ ≡ c

ωp
F(x, τ) with

τ = −it the imaginary time and ωp a bosonic matsubara
frequency. The spin current becomes

〈Jµ(x, τ)〉0,int,F =∑
ν

∫
dx′
∫
dτ ′{− 1

mωp
(n↑ + n↓)δµνδ(x− x′)δ(τ − τ ′)

−Πµν(x− x′, τ − τ ′)
ωp

}Fν(x′, τ ′)

≡
∑
ν

∫
dx′
∫
dτ ′σµν(x− x′, τ − τ ′)Fν(x′, τ ′), (19)

where Πµν(x−x′, τ−τ ′) = 〈Jpµ(x, τ)Jpν (x′, τ ′)〉/~ the spin
current spin current correlation function. Performing a

FIG. 7: Diagrammatic illustration of spin current spin cur-
rent correlation function. The interacting Green function is
denoted by a double line. The single line represents the non-
interacting Green function. The first diagram is the most
important. The rest are called vertex correction which we
will ignore in this paper.

Fourier transform, we get the expression for conductivity

σµν(k, iωp) = −Πµν(k, iωp)

~ωp
− 1

mωp
(n↑ + n↓)δµν , (20)

with Πµν(k, iωp) the fourier transform of Πµν(x − x′.
Eq.(20) is called Kubo formula. We can now do a
Wick rotation iωp → ω+

p ≡ ωp + iη where η has
infinitesimal positive value. Spin conductivity is ob-
tained by taking the real part of above expression
and take zero momentum zero frequency limit, σs =

− limω→0 Im
[
Π

(+)
µν (k = 0, ω)

]
/ω, because we want to

study time independent homogeneous systems.
The spin current spin current correlation function can

be separated into two parts. They are illustrated dia-
gramatically in Fig. 7. The first diagram is the most
important one in our system. The rest are called ver-
tex correction which we will ignore in this thesis. We
will come back to the validity of this approximation in
the discussion section. Mathematically, ignoring vertex
correction corresponds to making the approximation

〈φ∗α(x, τ)φα(x′′, τ)φ∗α′(x
′, τ ′)φα′(x

′′′, τ ′)〉 =

〈φ∗α(x, τ)φα(x′′, τ)〉〈φ∗α′(x′, τ ′)φα′(x′′′, τ ′)〉
+〈φ∗α(x, τ)φα′(x

′′′, τ ′)〉〈φ∗α′(x′, τ ′)φα(x′′, τ)〉. (21)

Thus the correlation function can be written in
term of Green’s function Gα,α′(x, τ ;x′, τ ′) =
−〈φα(x, τ)φ∗α′(x

′, τ ′)〉. Upon ignoring vertex cor-

rections to the correlation function Π
(+)
µν (k, ω) and using

the relation Gα(k, iωn) = −~
∫
dωρα(k, ω)/(iωn − ω)

the Kubo formula for the spin conductivity is worked
out to yield

σs = − π~
3

3m2

∑
α∈{↑,↓}

∫
dk

(2π)3
k2

∫
dω
dNB(~ω)

dω
ρ2
α(k, ω) .

(22)
Given an approximation of the selfenergy, we can cal-
culate the spectral function and spin-drag conductivity
from the above equation by using also the Dyson equa-
tion G(k, iωn) = ~/{i~ωn − [εk − µ + ~Σ(k, iωn)]}. We
will mainly discuss the sunset diagram for the selfenergy
in this thesis. Improvement to the result of this thesis can
be done straightforwardly by considering more involved
diagrams. We also give another example of selfenergy in
Appendix A.
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FIG. 8: Sunset diagram for the self-energy of spin-up particles
(the diagram for spin-down is obtained by reversing all spins).

IV. SUNSET DIAGRAM

The lowest-order (in interatomic interactions) diagram
that gives a finite conductivity is the sunset diagram in
Fig. 8 for the atomic self-energy

Im[~Σ(+)
α (k, ω)] =

−π(T 2B)2

∫
dk2

(2π)3

∫
dk3

(2π)3

∫
dk4

(2π)3

×(2π)3δ(k + k2 − k3 − k4)δ(ω + µ+ εk2
− εk3

− εk4
)

×[NB(k2)(1 +NB(k3))(1 +NB(k4))

−(1 +NB(k2))NB(k3)NB(k4)] . (23)

The imaginary part of the self-energy is calculated nu-
merically from Eq. (23). Its real part is obtained by using
the Kramers-Kronig relation that holds for any complex
function χ(ω) = χ1(ω) + iχ2(ω) analytic in the upper
half of complex frequancy ω plane and vanishing faster
than 1/|ω| as ω →∞. This relation is:

χ1(ω) =
1

π
P
∫ ∞
−∞

χ2(ω′)

ω′ − ω
dω′

χ2(ω) = − 1

π
P
∫ ∞
−∞

χ1(ω′)

ω′ − ω
dω′.

(24)

Looking at the imaginary part of selfenergy in Fig.9
(left), we can see a problem at large frequency as it
does not vanish. This problem can be circumvented
by noting that the large frequency behaviour of the
imaginary part goes like a square root of frequency.
We can then calculate the corresponding real part of

Im[~Σ
(+)
α (k, ω)] − A

√
ω and substract the square root

part out of the result later to get the real part of the
selfenergy (Fig.9 right), where A is a constant for a given
momentum.

FIG. 9: Imaginary part(left) and real part(right) of the self-
energy from sunset diagram at kΛth = 0.1, a/Λth = 9× 10−3

and −β(µ− µC) = 0.1(a/Λth)2.

FIG. 10: The spectral function at low momentum inside (left)
and outside (right) the critical region. The dashed and dotted
lines show the value of εk − µ for the spectral function inside
and outside the critical region, respectively.

This real part shifts the critical chemical potential from
its noninteracting value of zero to the negative value
µC = Re

[
~Σ(+)(0, 0)

]
. We have checked that the fre-

quency sum-rule
∫
d~ωρα(k, ω) = 1 which follows from

the bosonic commutation relation is obeyed.
The result for the spectral function is shown in Fig. 10

as a function of frequency. For a given momentum, the
spectral function exhibits a rather sharp Lorentzian peak
corresponding to a quasi-particle excitation. For such
a Lorenzian spectral function, the frequency integral in
Eq. (22) can be performed and the resulting conductivity
is then found to be proportional to the life-time τ(k) =
−~/(2Im[~Σ(+)(k, ωk)]) of the quasi-particle, where ωk

is the solution of ~ωk = εk − µ+ Re[~Σ(+)(k, ωk)]. The
evaluation of the expression for the spin conductivity in
Eq. (22) with the above expression for the self-energy
leads to the results shown in Fig. 1 for various scattering
lengths. The critical exponent is now changed into σs ∼
1/
√
µC − µ (see Fig. 11).

Using this spectral function, we also calculate the shift
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FIG. 11: Spin-drag relaxation rate near the critical point.
The fitting line is ~β/(τsdnΛtha

2) = 900
√

−β(µ− µC).
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FIG. 12: Critical density shift due to interaction ef-
fect. The fitting line is nΛ3

th − ζ(3/2) = −1.3(a/Λth) −
2.1(a/Λth)2 ln[(a/Λth)].

of critical density due to interaction effects for one com-
ponent Bose gases. We start with calculating the critical
chemical potential µC = Re[~Σ(0, 0)] for a given scatter-
ing length. Then we calculate the density at the critical
chemical potential from n =

∫
dk

(2π)3

∫
~ωNB(~ω)ρ(k, ω).

Fig.12 shows the lower critical density as the interaction
strength is stronger. The calculation of a similar critical
temperature shift from Renormalization Group calcula-
tion can be found in appendix B.

To gain more insight in the breakdown of the Boltz-
mann approach in the critical region, we consider the
spectral function at low momentum inside (outside) the
critical region, corresponding to the left (right) peak in

FIG. 13: Spectral function in one dimension (ignoring real
part of selfenergy) at kΛth = 0.1 and −βµ = 0.5. The vertical
line indicates on-shell condition ~ω = εk − µ.

Fig. 10. The vertical lines correspond to εk−µ. The peak
in the spectral function is shifted considerably from its
non-interacting value εk − µ in the critical region. Since
the Boltzmann approach does not take into account the
shifts in the quasi-particle energy beyond first order in
the interaction it does not capture the shift in the crit-
ical region correctly. The latter is crucial for the diver-
gence of the conductivity. The importance of the real
part of the atomic self-energy in the critical region is also
demonstrated by its importance in determining the up-
ward shift in the critical temperature due to interactions,
that is correctly found to be of order O (a/Λth)19.

We have also calculated the spectral function in one
dimension. We ignore the real part of selfenergy in the
spectral function in this calculation. The spectral func-
tion in one dimension is shown in Fig. 13. The spectral
function is exactly zero at on-shell condition. This is
because of the contribution from the collision between
particles with opposite momentum. This collision is re-
sponsible to the divergence of the imaginary part of the
selfenergy and thus zero spectral function. We also note
that the frequency sum-rule is not working here.

V. SCALING INVARIANCE AND CRITICAL
EXPONENT

From the calculation that is based on the sunset dia-
gram for the self-energy we find numerically that the spin
conductivity diverges as σs ∼ 1/

√
µC − µ. This result is

understood on a more general level by considering scale
invariance of the system. Near criticality, we have as
a result of the simple (linearized) renormalization-group
flow near the fixed point that the spectral function scales
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as18

ρ(λk, λzω, λ1/ν(µ−µC)) =
1

λ2−η ρ(k, ω, µ−µC) , (25)

where λ is an arbitrary dimensionless scaling parameter
and z, ν, and η are critical exponents. The relation be-
tween the correlation length ξ and the chemical potential
is ξ ∼ 1/|µ−µC |ν . From this scaling ansatz and Eq. (22)
we find that σs ∼ ξz−d+2−2η ∼ |µ − µC |−ν(z−d+2−2η),
with d the number of spatial dimensions.

For the sunset diagram in three dimensions, we have
ν = 1/2, z = 2, and η = 0, in agreement with the numer-
ical results. It is interesting to note that the behavior of
the spin conductivity and the spin-drag relaxation time
depends not only on the static critical exponents ν and η
but also on the dynamical exponent z. We also note that,
even though we ignored interactions between atoms with
the same spin in our perturbative calculation based on
the Feynman diagram in Fig. 8, the results based on the
scaling ansatz are exact close to the critical temperature
and do include these interactions.

Following the reasoning of Hohenberg and Halperin20

the factor ξ2−d in these results is understood as follows.
A spin-dependent force acting on a region with (fluctu-
ating) spin density ns is balanced by viscous forces so
that nsξ

3F ∼ ξ3ηvvs/ξ
2, where vs is the spin velocity

and ηv the viscosity. Using that js = nsvs = σsF this
yields σs ∼ ξ2〈n2

s〉/ηv. We have that 〈n2
s〉 ∼ χs/ξ

d20,
with χs the spin susceptibility. In order to obtain full
agreement with our result found from the scaling ansatz
we thus need to have that the ratio χs/ηv ∼ ξz−2η. In
future work we intend to investigate this conjecture in
more detail.

VI. DISCUSSION AND CONCLUSIONS

We have incorporated the effect of critical fluctuations
on the behavior of the spin-drag relaxation rate near
the critical temperature for Bose-Einstein condensation.
We found that the enhancement of the spin-drag relax-
ation rate due to Bose enhancement of interatomic in-
teractions, predicted by the Boltzmann equation, is sup-
pressed by critical fluctuations sufficiently close to the
critical temperature. Numerically, we found the criti-
cal region to be proportional to the square of scattering
length |∆µ| ≈ 60(a/Λth)2. An estimate based on the
Ginzburg criterion22 confirms this result. Hence, the size
of the critical region may be enlarged by increasing in-
teratomic interactions near a Feshbach resonance. Fur-
thermore, the Ginzburg criterion in d dimensions leads
to |∆µ| ∼ (a/Λth)2/(4−d). Reducing the dimensionality
of the system therefore also increases the critical region.
With respect to these remarks it is important to note that
recent experiments with ultracold bosonic atoms have
succeeded in accessing the critical region and measuring
the exponent ν21.

The spin conductivity and spin-drag relaxation rate
can be measured directly in a drag measurement in which
the two clouds of different spin feel a different force due a
magnetic-field gradient. Another method is to study the
damping of the spin-dipole mode that is fully determined
by the spin-drag relaxation rate.

The main approximation leading to our results is to
neglect vertex corrections in the evaluation of the spin-
current spin-current response function. The Boltzmann
equation is known to include vertex corrections that es-
sentially lead to a replacement of the single-particle relax-
ation time by the appropriate transport relaxation time.
In the absence of exact cancelations, which we do not ex-
pect to occur for the spin-drag conductivity, there is only
a quantitative difference between these two time scales,
and we attribute the difference between our Kubo ap-
proach and the Boltzmann approach sufficiently far away
from the critical region to be due to this difference in time
scales and hence to be due to neglecting vertex correc-
tions. This assumption is strengthened by noting that
far away from the critical region the Kubo and Boltz-
mann approach have qualitatively the same temperature
dependence.

In this work we have considered the effect of ther-
mal critical fluctuations since the phase transition to
the Bose-Einstein-condensed state takes place at nonzero
temperature. An interesting direction for future work is
to investigate also the influence of the vicinity of a quan-
tum critical point23 on spin transport in Bose gases, for
example by considering the system in an optical lattice
where the Mott-insulator-to-superfluid quantum phase
transition occurs24. An additional interesting feature of
this system is that due to the presence of the optical lat-
tice, which breaks Galilean invariance, now also charge
(mass) transport can be considered.
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APPENDIX A: SELFENERGY FROM
MANY-BODY TRANSITION MATRIX

In this section we give another example of the selfen-
ergy. It is the selfenergy from many-body T matrix in
the limit where the external momentum and external fre-
quency of T matrix is zero and small, respectively. We
start with the expression for many-body T matrix with
zero external momentum

1

TMB(i~ωn)
=

1

V0
−
∫

dk

(2π)3

1 + 2N(εk)

i~ωn − 2(εk − µ)

=
1

V0
− Ξ1(0, iωn)− Ξ2(0, iωn) , (A1)

with

Ξ1(0, iωn) =

∫
dk

(2π)3

1

i~ωn − 2(εk − µ)

×
(
i+ 2N(εk)− 2

β(εk − µ)

)
Ξ2(0, iωn) =

∫
dk

(2π)3

1

i~ωn − 2(εk − µ)

2

β(εk − µ)
.

(A2)

The term Ξ1(0, iωn) is finite when ωn → 0, so we ap-
proximate this term to be a constant and absorb it into
V0. Another term Ξ2(0, iωn) has infrared divergence and
has to be treated carefully. Fortunately, the momentum
integral can be evaluated analytically, it yields

Ξ2(0, i~ωn) =
m

3
2

β~3π

(√
−i~ωn − 2µ−

√
−2µ

i~ωn

)
. (A3)

A

B

B

B

C

C

FIG. 14: Illustration of contour integration for calculating
selfenergy.

The selfenergy follows from closing the external lines
of the T matrix

~Σ(iωn) = − 1

~β

∫
dk

(2π)3

∑
m[

TMB(0, iωm + iωn)×G(k, iωm)
]
.(A4)

The matsubara summation can be converted into con-
tour integral. The analytic structure of this integrand is
shown in Fig.14. Both branchcut and pole contribute to
the result

Im[~Σ+(ω)] =∫ εk=∞

εk=−~ω−µ

dk

(2π)3
[N(~ω + εk − µ)−N(εk − µ)]

~3πβ

m3/2

(~ω + εk − µ)
√
~ω + εk + µ[

1
V0

β~3π
m3/2 (~ω + εk − µ) +

√
−2µ

]2
+ (~ω + εk + µ)

.(A5)

APPENDIX B: RENORMALIZATION GROUP
CALCULATION FOR CRITICAL

TEMPERATURE SHIFT

Renormalization Group is a powerful tool for study-
ing scale invariant system. The idea of renormalization
group is to calculate effective hamiltonian at macrosopic
scale by integrating out short wavelength degree of free-
dom. Because of scale invariance, the form of hamilto-
nian remains unchange but some parameters will change
when we integrate out short wavelength degree of free-
dom. These parameters are called running parameters
and the equations describing the change of these param-
eter are called flow equations. In the system of Bose gas,
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FIG. 15: The shift in critical density due to interaction effect.
The fitted line is nΛ3

th − ζ(3/2) = −(a/Λth) ln(0.3(Λth/a)).

the most important running parameters are chemical po-
tential µ and interaction strength V0. The flow equations
for these two parameters are25

dµ(l)

dl
=2µ(l)− V0(l)

Λ(l)3

π2
NB(εΛ(l) − µ(l))

dV0(l)

dl
=− V0(l)− V0(l)2 Λ(l)3

2π2
{

1 + 2NB(εΛ(l) − µ(l))

2(εΛ(l) − µ(l))

+ 4β(l)NB(εΛ(l) − µ(l))[NB(εΛ(l) − µ(l)) + 1]} .
(B1)

Here l is the parameter that runs from zero to infin-
ity as we integrate wavevector Λ. The relation between
them is Λ(l) = Λe−l. The running parameters in above
equation are scaled with µ(l) = µe2l,V0(l) = V0e

2l and
β(l) = βe−2l. The critical density can be calculated from

n =
∫

dk
(2π)3N(εk − µ) ∂µ

∂µ(l=0) where we have to select

µ(l = 0) such that µ(l→∞) = 0. The effect of repulsive
interaction on critical density is shown in Fig.15.

APPENDIX C: HEAT TRANSPORT AND
”FIGURE OF MERIT”

In addition to spin current induced by external forces,
temperature gradients can also drive the spin current.
Similarly, heat current can be drived by both external
forces and temperature gradients. There are four trans-
port coeffecients in total. They are best illustrated in

term of the matrix[
JS
JQ

]
=

[
σs Sσs

SσsT κ′

] [
F

−∇T

]
. (C1)

In the above expression, JS and JQ are spin current and
heat current, respectively. Furthermore, S is called See-
beck coefficient and κ′ is the thermal conductivity at zero
external force. The calculation of Sσs and κ′ can be done
by adding the term (εk − µ)/T and (εk − µ)(εk − w)/T
to Eq. (22), respectively. Here µ = µC − Aξ−1/ν and
w = µC − Bξ−α is enthalpy with α assumed to be posi-
tive and A,B constants. At critical point where correla-
tion length diverges, Sσs = −σsµC/T and κ′ = σsµ

2
C/T .

We introduce a quantity Z ′ = σsS
2/κ′. In this case, we

find Z ′T = 1 at critical point. We also introduce fig-
ure of merit Z = σsS

2/κ′(1 − Z ′T ) = Z ′/(1 − Z ′T ),
an important quantity in material science. Materials
with high figure of merit is important in technological
applications. Our calculation suggests that ZT → ∞
as we go to the critical point. To calculate the criti-
cal exponent of figure of merit, we rewrite Eq. (22) as
σs = ξz−d+2−2η

∫
dxdyf(x, y) with x = kξ and y = ωξz.

The Seebeck coefficient is then

S = (ξ−2〈εx〉+Aξ−1/ν − µC)
1

T
, (C2)

with 〈· · · 〉 =
∫
dxdy(··· )f(x,y)∫
dxdyf(x,y)

. The thermal conductiv-

ity can be calculated in the same way

κ′ = 〈(ξ−2εx +Aξ−1/ν − µC)(ξ−2εx +Bξ−α − µC)〉 σs
T 2

.

(C3)

From this, we calculate the critical exponent of 1−Z ′T
and also the exponent of Z. Assuming 1/ν > 0.5, we now
separate the calculation into three cases. Case I: 1/ν > α,

Z ′T ≈ µ2
C − 2Aξ−1/νµC
µ2
C −Bξ−αµC

≈ 1 +
B

µC
ξ−α

1− Z ′T ≈ − B

µC
ξ−α . (C4)

Thus the figure of merit Z ∼ ξα. Case II: 1/ν < α,
in the same spirit as the above calculation we found 1−
Z ′T ≈ A

µC
ξ−1/ν and Z ∼ ξ1/ν . Case III: µ = w, we found

1− Z ′T ≈ ξ−4

µ2
C

(〈ε2x〉 − 〈εx〉2) and thus Z ∼ ξ4.
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